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X-29 H_ Controller Synthesis

W. L. Rogers* and D. J. Collinst
Naval Postgraduate School, Monterey, California 93943

H> and Ho controllers have been designed for the unstable longitudinal analog backup mode of the X-29
aircraft. When actuator design limitations are considered, the expected superiority of the H. design over the H;
design is not obtained. The limited performance designs also do not exhibit the precision flight-path control

modes that are characteristic of the H. designs.

I. Introduction

CHALLENGING application of H, control theory is

the synthesis of a stabilizing controller for the longitudi-
nal dynamics of the X-29. The X-29 is a technology demon-
strator with a unique forward-swept wing design that offers
the advantages of improved maneuverability, better low-speed
handling, and reduced stall speeds. The X-29’s longitudinal
dynamics are designed with 35% negative static stability mar-
gin. Unlike the advanced figther model with an unstable
phugoid mode used by Chaing and Safonov! to demonstrate
H, and H,, methodology, the X-29 has an unstable short pe-
riod mode, i.e., a real pole on the positive axis.

The X-29 controller synthesis was performed using Pro-
Matlab and the Matlab Robust-Control Tool Box software.
These application packages were run on a Sun 386i worksta-
tion. The script files specifically written or modified for this
problem and all matrices not listed in this article as well as
additional singular value plots are given in Rogers.2

The paper discusses the X-29 state-space model, the H,
design objectives and specifications, the controller synthesis,
and the design results including the aircraft’s longitudinal re-
sponses to test inputs. Design limitations due to the actuator
performance are investigated in an alternate controller.

II. X-29 Model Description

The X-29 longitudinal dynamics model is that of the air-
craft’s analog reversion mode with the aircraft trimmed at
0.5 Mach, 30,000 ft. An 83rd-order model® was reduced to a
14 state model that includes a short-period approximation of
the aircraft longitudinal dynamics, vertical velocity w and
pitch rate g, and fourth-order actuator dynamics for each of
the three longitudinal control surfaces, i.e., the canards, flaps,
and strakes. Eliminated from the 83rd-order model were the
flexible mode dynamics, aerodynamic lag terms, sensor dy-
namics, and notch filter.

Figure 1 presents the physical configuration of the open-
loop actuator/aircraft dynamics model. Some of the actuator
gains shown in Fig. 1 may have changed in the current aircraft
configuration. For the purposes of this study, two separate
commands, r; and r,, are input to the three control surface
actuators with r, controlling the canards and r, controlling the
flaps and strakes. Although not truly representative of the
X-29, this configuration provides multiple, independently con-
trolled surfaces representative of a supermaneuverable air-
craft. As will be seen, this configuration results in the synthesis
of advanced control modes that are characteristic of super-
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maneuverable aircraft designs. The control inputs to the aijr-
craft dynamics are the canards d., the flaps 6, the strakes §;,
and their respective first and second derivatives. The measured
outputs are the two aircraft states, w and g. Thus, the model
has two inputs, two outputs and 14 states.

The 14th-order model was scaled to improve the numerical
conditioning of its state-space representation. In the scaling
process, the w state was transformed to angle of attack «, i.e.,
a=w/Uywhere U, is the initial forward velocity, and the units
of the actuator third derivative states were transformed from
rad/s? to 1E + 04 rad/s?. This scaling was effective in reducing
the condition number of the system’s A matrix from an order
of magnitude of 101° to 104,

From the state-space realization of the resultant 14-state
linear model, the plant transfer matrix was calculated by
G(s)=C(sI —A) 'B +D. The open-loop poles of the X-29
model are listed in Table 1. Note that the unstable short-period
mode has a real pole at 1.9550.

The singular-value plot of the X-29 return difference ma-
trix I + G(s) is presented in Fig. 2 where the solid upper curve
iS omax[I + G(Jw)] and the dashed lower curve is o[/
+ G(jw)]. The inverse of the return difference matrix is called
the sensitivity matrix S(s), which is discussed in the next sec-
tion. Some design procedures, although expressed in terms of
the §(s) sensitivity matrix, may be more clearly illustrated by
plots of the return difference matrix.

1. Design Objectives

The design procedure followed in the development of the
H,, controller was to suppress as much as possible the system
sensitivity matrix S(s) through variation of a weighting matrix
W,. The weighting matrix W) includes a constant parameter ~.
As v is increased from one design to another, S(s) is sup-
pressed. The relationship of the weighting matrix and the
sensitivity matrix will become clearer in the discussion of the
H,, theory given below [Eq. (1)]. The decrease in size or sup-
pression of the §(s) matrix is shown by plotting the singular
values of the matrix [as a function of w as in Fig. 2 for the
return difference matrix.] These singular value plots are called
Sigma plots.

This method of approach is essentially an extension of clas-
sical design procedures to multi-input-multi-output (MIMO)
problems. In classical design, high gains can lead to good

r, 20.1 71.30% 144.7 sc

$+20.1 $%+2(.7359) (71.30) 5+71.30% 5+144.7

Ly
144.8 20.2 L 71.40% st AIRCRAFT
. H .
s+144.8| [s+20.2 5242 (.736) (71.40)5+71.407 DYNAMICS
r. >
2

50 100.5

w,q

3252 ss

»
5+50 $+100.5 sP+2(.7) (325) 5+325°

Fig. 1 X-29 actuator/aircraft configuration.
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performance with minimization of plant disturbances and
plant uncertainty due to the suppression of the sensitivity func-
tion. The suppression of the sensitivity function is illustrated
by Bode plots of S(s). In the case of MIMO analysis, Sigma
plots replace Bode plots in the analysis.

A fixed robustness constraint that limits the bandwidth of
the closed-loop transfer matrix is obtained by applying a
weighting matrix W; to the complementary sensitivity matrix
T(s) which can be expressed as T(s)=1—.5(s). As the sensi-
tivity matrix is suppressed, T(s) approaches I and its band-
width increases to the fixed limit 1/ ;. By the selection of W,
a prescribed dropout at higher frequencies can also be imposed
on the closed-loop transfer matrix.

Finally, a fixed weighting matrix W, on the control input to
the plant can be used to limit the size of the controller gain
matrix F(s). In the designs considered below, W, was varied in
order to meet the physical constraints introduced by the actu-
ators. The H,, infinity theory methodology insures that F(s)
stabilizes the augmented plant matrix.

We now define the weighting matrices used in this study,
and give a brief outline of the H, theory. The outline shows
how the weighting matrices and the sensitivity matrix, comple-
mentary sensitivity, and gain matrices are related through the
H,, norm of the closed-loop transfer matrix 7}, .

In this problem, it is necessary to attenuate the closed-loop
singular values of the complementary sensitivity matrix
a;[T(jw)] by 20 dB at frequencies beyond 100 rad/s, and to
exhibit a second-order rolloff beyond 100 rad/s. These sta-
bility requirements ensure that the X-29 system has suffi-
cient stability margin to tolerate modeling errors or loop trans-
fer function variations that could arise from the unmodeled
flexible modes. The flexible modes are observed in the Bode
plot of the 83rd-order X-29 model at the frequencies 100-250
rad/s. The specified second-order rolloff also closely matches
that of the open-loop plant.
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Table 1 Uncompensated X-29 open-loop poles?2

1.9550E + 00 —2.7155E+00
—2.2746E + 02 +2.3201E + 02{ —1.4491E + 02
—5.2506E + 01 +4.8410E + 01 —1.4455E + 02
—5.2518E+01 +4.8255E+01} —1.0031E + 02
—5.0067E +01 —2.0172E+ 01
~2.0115E+01

2The uncompensated X-29 model is unstable.
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Fig. 4 Augmented plant and controller standard form.

The following (yW,)~(s), Wa(s), and W; !(s) weighting
functions were selected to meet the above performance objec-
tives and stability constraints:

(YWD~ '(s) = 7~ 1[0.01(100s + 1)/0.01s + 1} axz (1)
W2(S) = _0'0011(4><4) (2)

W;I(S) = (IOOO/SZ)I(sz) (3)

A plot of the H,, W[ !(s) and W, '(s) weighting functions is

shown in Fig. 3. The standard formulation of an H., requires
the development of an augmented plant matrix P(s)

W, -w,G
0! W,
P(s)= i 4
=0 | we @
I -G

Although performance specifications are given in the fre-
quency domain, all calculations are done in the state represen-
tation or the time domain. The state-space representation of
P(s) is given in Eq. (5)

Al B B
R B
Ps)=|C Dy Dp )
I
(&) E D; Dy

The relationship of the weighting matrices and the plant
matrix G(s) to P(s) is shown in Fig. 4. The Wy(s) weighting
is included to ensure that the D;, submatrix of state-space
representation of the augmented plant P(s) has full column
rank. This weighting function (as shown in the figure) penal-
izes the control u input to the X-29 plant G(s) and thus elim-
inates solutions based on infinite impulses. As the W;(s)
weighting function is not proper, it has no state-space realiza-
tion. However, the term W;(s)G(s) of the augmented plant
P(s) is proper and can be realized in the required state-space
form.
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The closed-loop transfer function matrix can be expressed in
terms of the partitioned P(s) matrix and the to-be-determined
feedback matrix F(s) as

Ty11 = Pri(s) + Pra(s) [I“F(S)Pzz(s)]AIF(S)sz(S) 6

The H,, theory requires that the norm of closed-loop trans-
fer function be less than one:

1Ty 0l =1 M

The norm can also be expressed in terms of the sensitivity,
complementary sensitivity, and gain matrices with the appro-
priate weighting matrices as

WS
Ty it W,LFS )
Wi T

where §(s) is the sensitivity matrix and T'(s) is the complemen-
tary sensitivity. This representation indicates why performance
specifications are given in terms of S(s) and T(s) and why
W\(s) is the performance weighting and W;(s) is the robust-
ness weighting. As indicated, the W,(s) weighting limits the
values of the controller gains F(s).

The resultant X-29 augmented plant P(s) is an 16th-order
system with W(s) adding two states to the X-29 plant G(s).
The Ws(s) function does not add states to G(s) as a state-space
realization of this function does not exist. Using the two Ric-
cati solution method, H, and H,, synthesized controllers are
the same size as the augmented plant P(s). As such, the final
X-29 controller is expected to be of 16th order.
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Fig. 7 Sensitivity S(s) (He, v=12.5).

IV. Controller Synthesis

The controller synthesis began with the development of an
H, solution to obtain an initial indication of achievable perfor-
mance levels. To insure a well-posed H, problem, the upper
corner frequncy of the W, !(s) weighting function was re-
moved by making the denominator of W[ !(s) a constant
value. This insured that the D;; submatrix of the state-space
representation of the augmented plant P(s) is zero as is re-
quired by H, control theory.

Solutions to the H, and the H, small-gain problems were
obtained for increasing values of -« until 1) for the H, solution,
the cost function ||71,, reached the ““all pass limit,” i.e.,
0dB; and 2) for the H, solution, no stabilizing controller
satisfied the H, small-gain problem for a larger value of 7,
i.e., no solution existed for a larger +.

Figure 5 contains Sigma plots of the g,,,, (solid upper curve)
and oy, (dotted lower curve) of the H, transfer matrix Ty,
for a v value of 6.7, and Fig. 6 that of the H,, transfer matrix
Ty, for a y value of 12.5. Since the largest gain of the system
is bounded above by o, and the smallest gain is bounded
below by oy, the actual performance of the system is confined
between the two bounds.

The H, solution pushes both singular values to within 2 dB
of the ‘“all pass limit.”” However, with a maximum + of 12.5,
the H, solution pushes the T),,; singular values to within
0.5 dB of the “‘all pass limit,’’ and the solution also has a larger
bandwidth. The significantly larger value of vy in the H,, solu-
tion indicates that a higher level of performance is achieved
with the H, solution compared to that reached by the H,
solution.

Figure 7 contains singular-value plots of the sensitivity
matrix S(s) and (yW))~!(s) weighting function for the H,,
solution with a vy of 12.5, respectively. The solid curve is 1/ W)
while the dotted curve is o [S(/w)] and the dashed lower
curve is i, [S(Jw)]. Figure 8 has singular-value plots of the
complementary sensitivity matrix T(s) and W, !(s) weighting
function for the H,, solution with a vy of 12.5. Here, the dashed
upper curve is om.[7(jw)] while the dotted lower curve is
ominIT(jW)]. As v is increased from 1 to 12.5, the sensitivity
function S(s) is incrementally suppressed by the (yW;)~!(s)
weighting function, and the complementary sensitivity func-
tion T(s) is pushed toward the stability constraint, i.e., the
S(s) and T'(s) singular values are forced against their respec-
tive limits (y W)~ !(s) and Wy !(s). The H,, compensated X-29
is characterized by larger disturbance attenuation, lower sensi-
tivity to plant variations and modeling errors, and a wide
control bandwidth wg. The closed-loop bandwidth of the H,
solution is nearly 30 rad/s.

The H, solution to the small-gain problem results in an
18th-order controller. A minimal realization was performed to
eliminate two uncontrollable and unobservable states. Next,
the minimal 16th-order controller was balanced to improve the
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Fig. 8 Complementary sensitivity 7(s) (He, v=12.5).
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numerical conditioning of the controller model. The resultant
16th-order minimal controller was used in plotting the singular
values of T,,;, the sensitivity function S(s), and the comple-
mentary sensitivity function 7(s) results presented in previous
figures.

V. Design Results of the H, Controller

The closed-loop configuration of the H, compensated X-29
is presented in Fig. 9, where F(s) and G(s) are the 16th-order
controller and 14th-order X-29 plant transfer function ma-
trices, respectively.

The output vector y is made up of the aircraft states o and
g, and the command vector r is composed of separate com-
mand elements r; and r,. Unlike the open-loop actuator/air-
craft dynamics model presented in Fig. 1, r; and r, are refer-
ence commands to the controlled outputs, « and ¢g. This is a
result of the controller being placed in series with the X-29
plant in the feedforward loop and the negative unity feedback.
Thus the closed-loop, compensated X-29 model has two in-
puts, two outputs and 30 states. As will be seen, this closed-
loop configuration still provides the multiple, independently
controlled surfaces observed with the open-loop, uncompen-
sated X-29 plant G(s).

A balanced realization of the separate state-space represen-
tation of the controller F(s) and the X-29 plant G(s) was
obtained to improve their numerical conditioning. As a result
of this balancing, the internal structures of F(s) and G(s) were
altered making identification of the individual states difficult.
It is interesting to note that the unstable short-period pole of
the open-loop system is mirrored into the left half-plane of the
closed-loop system, i.e., —1.9550. This is not a coincidence as
an identical occurrence is observed in Safonov’s advanced
fighter example presented in Ref. 1. In Safonov’s example, the
unstable phugoid poles of the advanced fighter’s open-loop
model are mirrored into the left half-plane of the compen-
sated, closed-loop model. This mirror imaging can represent a
basic limitation to the system’s performance if, as in the case
of the compensated X-29, this is the dominant pole unless
some precontroller is introduced.

The singular values of the return difference and inverse-
return difference matrices quantify a system’s feedback prop-
erties. In the following paragraphs, the feedback properties of
the H, compensated X-29 will be measured using singular-
value plots of its return difference matrices.

The singular-value plots of the compensated X-29 output,
return difference matrices is presented in Fig. 10. Compari-
son should be made with the similar plot for the uncompen-
sated plant in Fig. 2. The output return difference matrix
I+ G(s)F(s) (also referred to as the output, additive return
difference matrix) is the inverse of the sensitivity matrix S(s).
The minimum singular value of this return difference matrix
approximates the loop gain whenever the loop gains are large,
i.e., G(s)F(s). Figure 2 indicated that the uncompensated
X-29 possesses small loop gains along with the corresponding
traits of poor disturbance attenuation and high sensitivity to
plant variations and modeling errors. Figure 10 shows how the
H,, synthesized controller has markedly improved the X-29
performance properties. The large loop gains indicate good
disturbance attenuation and low sensitivity to uncertainties
over a control bandwidth wg of approximately 9 rad/s. How-
ever, the drop of the singular values below the 0-dB line indi-
cates that performance is lacking near the 0-dB crossover
frequency. This is probably caused by the steep rolloff
(—40 dB/decade) designed into the complementary sensitivity
function. Finally, the 9 rad/s control bandwidth wg of the
compensated X-29 is less than the multiplicative robust fre-
quency w., of 30 rad/s, insuring that one of the required con-
dition for stability is not violated at the X-29 plant output.

The minimum singular value of the output inverse-return
difference matrix oy [ +(G(jw)(F(jw))l~! can provide a
measure of the aircraft’s gain and phase margins with re-
spect to multiplicative modeling errors using the universal gain
and phase margin curve.* The minimum singular value
OminlI + (G w)F(jw))~ ] drops to approximately —2 dB at
frequencies between 1 rad/s and 20 rad/s. The gain and phase
margins of the compensated X-29 near the 0-dB crossover
frequency are thus — 14 dB to +5 dB and +47 deg. This is
more stable than the —8dB to +4 dB, +35-deg gain, and
phase margins typically designed into a fighter aircraft.

The closed-loop, compensated X-29 model (Fig. 9) exhibits
precision flight-path control modes as a result of the multiple,
independently controlled surface configuration. The three pre-
cision longitudinal modes observed are as follows:

1) Vertical translation: The aircraft vertical velocity is con-
trolled at a constant § by varying «, i.e., the aircraft flight-path
angle v or velocity vector is controlled while x; remains fixed.

2) Direct lift control: The aircraft flight-path angle vy is
controlled at a constant « by varying 8, i.e., the aircraft flight-
path angle y or velocity vector remains along the aircraft sta-
bility axis x, as x, rotates.

3) Pitch pointing: The aircraft pitch attitude 0 is controlled
at a constant flight-path angle v, i.e., the aircraft flight-path
angle v or velocity vector remains fixed while x; rotates (8 = ).
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A pulse input of 1 deg was applied separately for 1 s to each
of the two reference commands to judge the performance of
the controller. Following standard convention, a positive « or
g corresponds to a nose-up response, and a positive control
deflection is trailing edge down for all three control surfaces.
Positive canard deflection &, negative flap deflection &, and
negative strake deflection &, each induce a nose-up response,
i.e., positive o and q.

The o (upper) and g (lower) responses of the compensated
X-29 are presented for input 1 (r,) in Fig. 11. The compensated
X-29 responds to input 1 with a positive « and negligible
change in g which is the vertical translation mode discussed
earlier; i.e., input 1 decouples g and 6 from «. The compen-
sated aircraft exhibits a fast response to input 1 with an « rise
time of 0.125 s. ]

The direct lift control mode is effected by input 2 (r,) as
shown in Fig. 12. The aircraft responds to input 2 with a
positive g while its o response is negligible. As with input 1, a
decoupling of the aircraft responses, « and ¢, is observed with
input 2. The aircraft g response is equally fast with a rise time
of approximately 0.095 s.

A look at the control deflections shows that the flap and
strake control inputs, &, and &, respectively, control the air-
craft’s « response while the canard 8. controls the g (and 6)
response. A simultaneous injection of inputs 1 and 2 is neces-
sary to effect the pitch-pointing precision control mode.

V1. Limited-Performance H, Controller Design

For the high-performance solution, the control deflections
consist of two consecutive large pulses at the beginning and
end of the control action. The control deflections &, 67, and
d, for the vertical translation mode (input 1) have peak magni-
tudes between 80 and 172 deg which exceed the X-29’s control
surface deflection limits of 1) canards (leading edge): 30 deg
up/60 deg down; 2) flaps (trailing edge): 10 deg up/25 deg
down; and 3) strakes (trailing edge): 30 deg up and down. The
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control deflections are significantly less for the direct lift con-
trol mode (input 2) with peak magnitudes between 8.6 and 34
deg, and are more closely aligned with the control surface
deflection limits listed above. A similar difference in control
rates between inputs 1 and 2 is also observed for the com-
pensated X-29. The peak control rates for both inputs 1 and
2, ranging from approximately 458 deg/s to over 573 deg/s,
greatly exceed the X-29 actuator, minimum design require-
ments of 1) canards: 100 deg/s, 2) flaps: 50 deg/s, and 3)
strakes: 30 deg/s.

The H,, synthesis of a stabilizing controller for the X-29 was
reworked to bring the control surface deflections and control
rates more into line with physical capabilities. A secondary
objective was to retain the system robustness achieved with the
initial H,, controller. To accomplish these objectives, a greater
weighting or penalty was applied to the control input vector
u by increasing the magnitude of the Wy(s) e term to 0.025.
Although it was possible to obtain an H,, solution for y=2.62
that met the control displacement requirements, the control
rates were still exceeded with this design. An H,, meeting all
actuator specification could be obtained only with a value of
v=0.8. A valid H, solution was obtained for the same con-
ditions with y=1. Increasing the W, weighting to a higher
value of 0.06 increased dramatically the control rates as the
control displacements decreased. It was realized that there
was an essential inconsistency in the specification of the W,
weighting and the desire to have a solution within the actuator
limitations.

Although the W, weighting decreases the size of the gain
matrix F(s), the 0-dB crossing is determined by the W, weight-
ing. As the W, matrix is increased, the impulse-like con-
trol displacements are decreased but the control rates be-
come large consecutive impulses at the beginning and end of
the control action. Therefore, it is necessary to shift the
0-dB crossing of the W, weighting to the left to obtain a phys-
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X-29 CONTROL RATES (INPUT 1)
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ically more reasonable solution. This shift was obtained by
changing the numerator in Eq. (1) from 0.01 (100s + 1) to 0.01
(1000s + 1). The weighting W, was set at 0.028.

With a maximum achievable vy of 6.0, the limited-perfor-
mance H,, solution for the new conditions is able to push the
1 T)11]l= cost function singular values to within 3.5 dB of the
“‘all pass limit’’> as compared to 0.5 dB for the high-perfor-
mance H, solution. Comparison with the optimal perfor-
mance shows that the feedback properties of the limited-per-
formance X-29 are not as robust. The limited-performance
X-29 is characterized by smaller disturbance attenuation,
larger sensitivity to plant variations and modeling errors, a
smaller control bandwidth, and a smaller closed-loop band-
width. Note that, again, the unstable short-period pole of the
open-loop system was mirrored into the left half-plane of the
closed-loop system, i.e., —1.9539.

Identical impulse inputs of 1 deg for 1 s were applied to the
limited-performance X-29 model as were previously applied to
the high-performance model. Figure 13 shows the « and ¢
response of the limited-performance X-29 for input 1. The
decoupling of the « and g response as observed in the high-per-
formance solution has been lost. This indicates that the preci-
sion flight-path modes are not achieved in the limited-perfor-
mance X-29 case. The control deflections é., 67, and 5, for the
limited-performance case are given in Fig. 14 and they are
considerably smaller than those observed in the high-perfor-
mance case and well within the actuator limitations. Similar
observations are made for the control rates 4., ,, and 8, for
input 1 in Fig. 15. The response to input 2 were very similar
except that there was a large overshoot in the Q response.

The H, solution for the new weightings is able to push the
(| Ty1u1]l2 cost function singular values to within 2 dB of the
‘“all pass limit.”” The response to an impulse of 1 deg for 1 s
on input 1 is shown in Fig. 16. The alpha response is almost
identical to that of the H,, solution, and the Q response, al-
though of slightly lower magnitude, has the same shape. The
control displacements and control rates are also essentially
identical to that of the H,, solution. The clear superiority of
the H, theory is not evident when actuator limitations are
considered. In fact, the H, solution has a higher v value of
seven.

VII. Conclusions

In the high-performance H, case (y=12.5), control separa-
tion or isolation is an attractive feature. In this case, the H,
solution achieves much better performance than that of the H,
controller.

When realistic actuator performance is imposed on the H,,
and H, controllers, separation or isolation of the control in-
puts is not achieved. Furthermore, the performance of the H,,
and H, controllers are almost identical. The H, solution is, in
fact, better with y=7.

Current modern actuator dynamics or capabilities do not
support the precision flight modes characteristic of the high-
performance H,, case.
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